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Most prior literature in the research of US Treasury Inflation-Protected 
Securities (TIPS) often ignores the embedded deflation put option which 
guarantees that bondholders are not adversely affected by deflation. In this 
paper, I argue that the deflation put option is non-trivial and there is rich 
information content that can be exploited. My estimation shows that the at-
the-money 5-year maturity deflation put option has positive and significant 
values throughout the sample period over the last 10 years, covering both pre-
crisis economy expansion period and post-crisis recession period. Regressions 
analyses reveal the rich information content of the deflation put option. The 
option values and returns are significantly correlated with contemporaneous 
and future realized inflation up to 4 months ahead, even when other common 
inflation expectation measures are included in the regressions. Furthermore, 
the option returns are also highly correlated with commodity market returns 
and global equity market returns. In this paper, a two-factor term structure 
model is constructed and estimated with the Kalman filter and Maximum 
Likelihood Estimate method. The parameter estimates are reliable and 
significant over the sample period. To account for inflation risk premium and 
real interest rate risk premium, I adopt both Dai and Singleton (2000) and 
Duffee (2002) market price of risk specifications. The estimates show that the 
risk premia for both inflation risk and real interest rate risk are significantly 





In economics, inflation is defined as a sustained increase in the general price 
level of goods and services in an economy over a period of time. People care 
about inflation. On a micro-level, inflation erodes the purchasing power of 
nominal currency. Ultimately, the face value of the nominal currency is just 
the medium of exchange; what people can consume is the amount of goods 
and services that nominal currency can purchase. On a macro-level, inflation 
affects an economy in many ways, both negatively and positively. Negative 
effects of inflation include increasing opportunity cost of holding money, 
causing people to invest heavily into real-estate, gold and stock markets, 
which may potentially create asset price bubble and excess fluctuation. On the 
other hand, uncertainty over future inflation would also discourage long-term 
investment and saving. But too low the inflation or even deflation is also not 
desirable. Japan’s over 20 years’ deflation spiral gives the world a hard lesson 
of how painful the deflation environment can be for the economy. The 
positive effects of inflation include allowing central banks to adjust real 
interest rate to mitigate recessions and encourage investment into real 
economy productions and research and development projects. Moderate and 
controllable inflation is often desired. Many countries, for example UK, 
Canada, Australia, South Korea and Brazil, explicitly adopt inflation targeting 
policy as one of their central bank’s macro policy mandate. US, although did 
not have an explicit inflation target historically, during the recent financial 




The government issued inflation-linked bonds have a relatively short history, 
yet this market has grown substantially over the years. As the statistics 
compiled by Barclays Capital Research, government-issued inflation-linked 
bonds comprise over $1.5 trillion of the international debt market as of 2008. 
Countries that issued these instruments include Australia (CAIN series), 
Canada (RRB), France (OATi), Israel, Japan (JGBi), Sweden, UK, and US. 
US Treasury Inflation Protected Securities (TIPS) market is the largest in the 
world. According to the December 2011 report published by the Department 
of Treasury, the market capitalization of the TIPS outstanding was about 
US$739 billion. The average daily turnover volume exceeded US$8 billion 
and new issuance was about US$70 billion each year and growing. 
The main focus of this paper is to study the information content of the 
deflation put option embedded in TIPS, which is often overlooked in the prior 
literature. TIPS are designed to adjust their principal based on an inflation 
index, Consumer Price Index for urban consumers (CPI-U). In an inflationary 
environment, the principals are upward adjusted such that the purchasing 
power of the final payments is protected. However, in a deflation environment, 
the final principal will not be adjusted below par. Therefore, precisely 
speaking, TIPS are not exactly real interest rate bonds that can be both upward 
and downward adjusted with realized inflation, but real rate bonds plus 
embedded deflation put options. The options protect investors in a 
deflationary environment.  
Most prior literature in the research of TIPS often assumes that the value of 
this embedded option is trivial. In essence, most researchers implicitly or 
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explicitly assume that the principal payments of TIPS are fully adjusted for 
inflation. The argument is that under normal market conditions, moderate 
inflation is often expected, and therefore such deflation options would have 
little value. Indeed, since 1913 till now, the deflation put option would have 
paid off in only one episode – only during the Great Depression. After that for 
more than 70 years, US has not experienced long period of deflation.  
However, unlike the prior literature, I argue that the deflation put option is 
non-trivial and there is rich information content that can be exploited. In this 
paper, my estimation shows that the at-the-money 5-year maturity deflation 
put option has a positive value at about $0.841 per $100 face value, or about 
17 basis points if amortized to yearly basis. The value is statistical significant, 
throughout the sample period over the last 10 years, covering both pre-crisis 
economy expansion period and post-crisis recession period. There are two 
implications of this result. Firstly, the risk of deflation is always priced into 
TIPS issuance, even in an inflationary environment. Researchers and industry 
professionals therefore need to take special consideration accounting for the 
existence of the option in TIPS pricing and evaluation. Secondly, the money-
ness of the deflation put option appears to be a confounding factor that 
conceals the rich information content in the option. Because of this, prior 
literature often fails to detect meaningful estimates of the deflation option 
values and subsequently unable to identify the predictability power of the 
option for future inflation environment. In this paper, I propose a new time 
series: the at-the-money 5-year constant maturity deflation put option. Unlike 
the deflation option embedded in a certain TIPS, this option series is 
constructed to be always at-the-money and have 5-year maturity. The at-the-
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money feature helps to provides clearer channel to test the predictability 
power for future inflation by mitigating the money-ness problem of the option 
that only captures the historical inflation environment. The 5-year maturity is 
chosen to match the 5-year TIPS series and can be easily adjusted in the 
pricing formula to other tenures. Besides such flexibility, the constant maturity 
feature also provides a constant length of forecasting period ahead, making 
time-series wise comparison more objective.  
Regressions analyses reveal the rich information content in the time series of 
the option values and returns. First of all, the results show that the option 
values and returns are highly correlated with contemporaneous inflation 
environment. Secondly, the option values and returns have robust and 
consistent predictability power for future inflation environment up to 4 months 
ahead. These results remain robust even when other factors that are commonly 
regarded as measures of inflation expectation, such as yield spreads, gold 
returns and TIPS returns, are controlled. Interestingly, neither yield spreads 
nor gold returns is able to sensibly predict future inflation environment when 
the option present in the regression; TIPS returns appear to have some 
predictability power for short-term inflation up to 2 months, but lose the 
predictability power going further. Thirdly, the option values and returns are 
also correlated with commodity market returns and global equity market 
returns. This provides additional evidence supporting inflation/deflation 
environment being one of the important factors that have impact on 
commodity market and global stock markets. Furthermore, information from 
Treasury bonds market, such as TIPS and nominal Treasury bonds, can flow 
across to other financial markets.  
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In this paper, I construct a two-factor affine term structure model, in which 
bond prices are driven by two state variables, the instantaneous real interest 
rate and the instantaneous inflation rate. To solve econometric estimation 
problem, I adopt the Kalmen filter and Maximum Likelihood Estimate method. 
The parameter estimates are reliable and significant over the sample period. 
To account for inflation risk premium and real interest rate premium, I adopt 
both Dai and Singleton (2000) and Duffee (2002) market price of risk 
specifications. The estimates show that the risk premia for both inflation risk 
and real interest risk are significantly positive over the sample period. In 
addition, time variations of the risk premia are small. They slightly increase in 
the post crisis period and peak in 2012.  
This paper studies the very similar topic as Grishchenko, Vanden and Zhang 
(2011). It is therefore important to discuss specifically what I follow their 
paper and how this paper differentiates from theirs.  
To begin with, this paper shares similar modelling specifications as those in 
Grishchenko et al. (2011). In their paper, Grishchenko et al. (2011) adopt a 
fully flexible formulation of the underlying factors and provide very clear and 
thorough derivations in terms of decoupling the system, the various moments 
of the factors, and the pricing formula. It is important to point out that such 
two-factor affine model is not unique to Grishchenko et al. (2011), but in fact, 
a widely used model to describe interest rate term structure in the literature. 
The various moments and the bond pricing formula would be found in many 
advanced level term-structure textbooks. The ultimate credit I believe should 
go to Vasicek (1977) and many other researchers in the field. However, by 
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sharing the same modeling structure as Grishchenko et al. (2011), I benefit 
from utilizing their modeling techniques and calculations.  
Nevertheless, it is important to point out that my model specification still 
differs from Grishchenko et al. (2011) in several ways. Firstly, Grishchenko et 
at. (2011) model the dynamics of nominal interest rate and inflation rate, while 
mine models real interest rate and inflation rate. The reason to model real 
interest rate rather than nominal interest rate is mainly based on empirical 
estimation considerations. One of the very important model derivation aspects 
relies on the orthogonal property of the two underlying factors. Grishchenko et 
at. (2011) adopt linear transformation method. Alternatively, I choose to 
model real interest rate. Empirical estimates show severe correlation between 
nominal interest rate and inflation rate, but little evidence on real interest rate 
and inflation rate. Besides, theoretical arguments, such as Fisher Equation, 
link nominal interest rate closely with the inflation rate, while few suggests 
the linkage between real interest rate and inflation rate under normal inflation 
environment. Secondly, Grishchenko et al. (2011)’s model is under risk-
neutral probability measure. Instead, I model the underlying dynamics in the 
real physical probability measure. This extension gives two advantages. On 
one hand, the inflation probability estimated from actual data will be the 
actual physical probability measure, which can be directly compared with the 
real-life realization. On the other hand, such specification gives the feasibility 
to estimate the market price of risk associated with the underlying factors, 
which is also an interesting empirical estimates to understand. In short, I adopt 
the skeleton of the model specification of Grishchenko et al. (2011), but 
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extend to make further generalizations to account for richer information 
estimates.  
Furthermore, in the empirical execution part, I took different approach 
compared to Grishchenko et al. (2011). Firstly, in their paper, the authors fit 
the model to the prices the nominal Treasury bond and TIPS by minimizing 
the pricing errors across time series, while in this paper, Kalman filter 
technique is utilized to estimate the parameters. The Kalman filter is a linear 
estimation method that fits the affine relationship between bond yields and the 
state variables. It allows the state variables to be unobserved magnitudes and 
utilizes time-series data sequentially to update the parameters. As pointed out 
by Duan and Simoato (1999), for a Gaussian affine term structure, the Kalman 
filter algorithm provides an optimal solution to predict, updating and 
evaluating the likelihood function. Secondly, to account the informational 
content of the deflation put options in TIPS, Grishchenko et al. (2011) 
construct a deflation option index using the various available options values 
estimated from the empirical data. The drawback of this approach is that the 
weights assigned to each option value seem arbitrary. It is hard to argue which 
option should receive more weights contributing to the index. Furthermore, as 
the index is a weighted average reading of the member options, which may 
have very different features such as moneyness, time to maturity and so on, 
the exact economic meaning of the index is hard to interpret. Worst still, the 
index would exhibit substantial variation due to the replacement, as new TIPS 
are issued while the old retired. This effect should be eliminated as it is 
unrelated to inflation forecasting. As discussed earlier, instead of using the 
index, I propose a new time series: the at-the-money 5-year constant maturity 
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deflation put option. Both the moneyness and maturity are controlled in the 
series. The economic meaning of the series is clear as the name suggested, and 
at the same time mitigates the problems of using index. This approach indeed 
gives better result in understanding the information content of the options as 
discussed above.  
The remainder of our paper is organized as follows. Section 2 introduces the 
term structure model and the pricing formula for TIPS and nominal Treasury 
bonds. Section 3 discusses the data and empirical methodology for estimating 
various parameters. Section 4 presents estimation results and analysis. Section 
5 gives concluding remarks.  
2 The model 
I adopt a two-factor affine term structure model, in which bond prices are 
driven by two state variables, the instantaneous real interest rate 𝑤𝑡 and the 
instantaneous inflation rate 𝑖𝑡. The evolution of 𝑤𝑡 and 𝑖𝑡 in continuous time is 




















where 𝑧1𝑡 and 𝑧2𝑡 are independent Brownian motions under physical 
probability measure, ℙ, 𝑎1, 𝑎2, 𝐴11, 𝐴12, 𝐴21, 𝐴22 are parameters governing 
the drift term, and 𝐵11, 𝐵12, 𝐵21, 𝐵22 are parameters governming the volatility 
term. Since this model do not have a unique representation, in other words, an 
equivalent model can be constructed by linear transformation of itself, to 
ensure the uniqueness of the model, I restrict that 𝐵12 = 0. The appearance of 
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𝐴12 (𝐴21) allows spot instantenous inflation rate 𝑖𝑡 (real interest rate 𝑤𝑡) to 
enter into the drift term of instantenous real interest rate 𝑤𝑡 (inflation rate 𝑖𝑡), 
yielding a richer set of dynamics between the state variables and better 
flexiblity in term structure modeling. Although the direct estimation of this 
model looks more complex than the Vasicek (1977) model, using linear 
transformation with the eigenvalues and eigenvectors, the model can be 
decoupled and estimated in a conventional way. This linear transformation 
method was described in details in Grishchenko et al. (2011), therefore here I 
only present the transformed result. Readers interested in the linear 
transformation method could refer back to Grishchenko et al. (2011) for 
details.  
This two-factor Vasicek model is commonly used in affine term structure 
modelling. The slight generalization instead of the original Vasicek model 
specification, with the form of 𝑑𝑟𝑡 = 𝜅(𝜃 − 𝑟𝑡)𝑑𝑡 + 𝜎𝑑𝑊𝑡, allows broader 
flexibility to account for cases with 𝐴𝑖𝑗 = 0. Furthermore, this model 
specification appears similar to that of Grishchenko et al. (2011). However, 
there are some differences as follows. Firstly, Grishchenko et at. (2011) model 
the dynamics of nominal interest rate and inflation rate, while mine models 
real interest rate and inflation rate. The reason to model real interest rate rather 
than nominal interest rate is mainly based on empirical estimation 
considerations. One of the very important model derivation aspects relies on 
the orthogonal property of the two underlying factors. Grishchenko et at. 
(2011) adopt linear transformation method. Alternatively, I choose to model 
real interest rate. Empirical estimates show severe correlation between 
nominal interest rate and inflation rate, but little evidence on real interest rate 
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and inflation rate. Besides, theoretical arguments, such as Fisher Equation, 
link nominal interest rate closely with the inflation rate, while few suggests 
the linkage between real interest rate and inflation rate under normal inflation 
environment. Secondly, Grishchenko et al. (2011)’s model is under risk-
neutral probability measure. Instead, I model the underlying dynamics in the 
real physical probability measure. This extension gives two advantages. First 
of all, the inflation probability estimated from actual data will be the actual 
physical probability measure, which can be directly compared with the real-
life realization. Furthermore, such specification gives the feasibility to 
estimate the market price of risk associated with the underlying factors, which 
is also an interesting empirical estimates to understand. In short, I adopt the 
skeleton of the model specification of Grishchenko et al. (2011), but extend to 
make further generalizations to account for richer information estimates.  
2.1 Market price of risk 
So far the model is built on physical probability measure, but it is often more 
convenient to work with risk neutral probability measure in pricing financial 
instruments. In the term structure settings, arbitrage-free market assumption 
means that bonds of all maturities earn exactly the same risk-adjusted return. 
In other words, the market price of risk is independent to the maturity of a 
bond. Therefore, the model under physical probability measure can be 
transformed into a risk neutral counterpart by incorporating market price of 
risk into the drift term. In my model, a generalized dynamics under risk 
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] are governing the drift term 
under risk neutral probability measure. I adopt both Dai and Singleton (2000) 
and Duffee (2002) market price of risk specifications. Both specifications 
have their own way to adjust these parameters for risks.  
In Dai and Singleton (2000), the market price of risk is modeled as as the 
product of instantenous volatility and risk premium compensation for that 
volatility. In my model, the market price of risk vector Γ𝑡 is given by 












The risk adjustment term linking the dynamics in physical probability measure 
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This market price of risk specification is of high popularity in term structure 
modeling, because of its “completely affine” feature: the dynamics of state 
variables under both physical probability measure and risk neutral probability 
are affine functions (Duffee 2002). However, as pointed out by Duffee (2002), 
this structure imposes two limitations. Firstly, the volatility of state variables 
completely determines the variation in market price of risk. This contradicts 
with empirical evidence that in fact it is slope parameters, rather than the 
volatility parameters, that have significant predictive power for market price 
of risk. Secondly, due to the nonnegative feature of the diagonal elements of 
volatility matrix, the sign of the elements of market price of risk vector has to 
be fixed as same as the sign of the element of the corresponding risk premium. 
This feature restricts the ability the model to fit both volatility parameters and 
a wide range of term structure shapes.  
To fix these two limitations, Duffee (2002) extends Dai and Singleton (2000) 
specification by introducing other parameters to change slope coefficients. In 
my model, the market price of risk vector Γ𝑡 is given by  
Γ𝑡 = 𝟏 [
𝛾1(1)
𝛾1(2)












] is the set of additional risk premium parameters under 
Duffee (2002) specification.  
The risk adjustment term linking the dynamics in physical probability measure 
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2.2 Decoupling the model 
As discussed before, the term structure model right now depicted in Equation 
(2) allows spot instantaneous inflation rate (real interest rate) to affect future 
instantaneous real interest rate (inflation rate). But the cost of such model 
flexibility is calculation complexity. In order to find the closed-form pricing 
formula for bonds prices, Grishchenko et al. (2011) provide linear 
transformation method to decouple to system. I follow their method and 
























where, 𝑏 = [
𝑏1
𝑏2





], and Σ = [
𝜎11 𝜎12
𝜎21 𝜎22




Since the matrix [
𝜆1 0
0 𝜆2
] is diagonal after the transformation, the various 
moments of this decoupled Gaussian system can be expressed in the closed-
form, while the modeling flexiblity to capture the interaction between the 
instantenous real interest rate 𝑤𝑡 and instantenous inflation rate 𝑖𝑡 is retained.  
The original dynamics of state variables can be easily obtained back from the 
decoupled model. The one-to-one matching relation is [
𝑤𝑡
𝑖𝑡







































































2.3 Pricing TIPS 
TIPS are designed to adjust principals based on the realized consumer price 
index. But, precisely speaking, TIPS are not exactly real interest rate bonds 
because in a deflation environment, the final principal will not be adjusted 
below par. Therefore, a zero-coupon TIPS can be decomposed into two parts: 
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a hypothetical zero-coupon option-free real bond (OFRB) which is fully 
linked to inflation changes (can be adjusted downward to below the original 
par value), and a deflation put option that gives a right for bondholders to 
swap the zero-coupon OFRB for a zero-coupon nominal bond in the event of 
cumulative deflation. Put into mathematical equation, for a zero-coupon TIPS 
that is issued at time 𝑢, matures at time 𝑡𝑛 with principal in nominal dollar $𝐹, 
I have: 
$𝑃𝑇𝐼𝑃𝑆,𝑡 = $𝑃𝑂𝐹𝑅𝐵,𝑡 + $𝑃𝑝𝑢𝑡,𝑡 
where $𝑃𝑇𝐼𝑃𝑆,𝑡 denotes the nominal dollar price of the zero-coupon TIPS 
valued at time 𝑡, $𝑃𝑂𝐹𝑅𝐵,𝑡 denotes the nominal dollar price of the hypothetical 
zero-coupon OFRB, and $𝑃𝑝𝑢𝑡,𝑡 denotes the nominal dollar value of deflation 
put option, whose underlying instrument is the cumulative inflation over the 
entire life of the TIPS. Market conventions often quote TIPS prices in the 
form of not inflation-adjusted. If one needs to calculate the settlement price, 
he/she needs to multiply the market quoted price with the Inflation Index of 
that particular TIPS as publicized by US Treasury Department. Nevertheless, 
this practice has no impact on the calculation of yield of the particular TIPS. 
This is because when calculate the yield, one needs to both adjust the price of 
the bond, all remaining coupons and the final principal by the same Inflation 
Index. To follow the market convention, all the prices and principals 
mentioned throughout the paper are in the form of not-inflation-adjusted, 
unless otherwise stated.  
To price TIPS, one can evaluate each component respectively. The first 
component $𝑃𝑂𝐹𝑅𝐵,𝑡, the price of the hypothetical zero-coupon OFRB, can be 
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measured in consumption bundles. Its value is fully adjusted for 
inflation/deflation: in an inflationary environment, the nominal dollar value of 
the OFRB is adjusted higher than the nominal dollar value of par $𝐹, while in 
an event of cumulative deflation over the entire life of the TIPS, the nominal 
dollar value of the OFRB will be less than the nominal dollar value of par.  
To begin with, it is actually easier to see the pricing relation when the inflation 
adjusted term is included: ($𝐹 ∙ 𝑒∫ 𝑖𝑠𝑑𝑠
𝑡
𝑢 ) is the inflation-adjusted final 
principal in nominal term and ($𝑃𝑂𝐹𝑅𝐵,𝑡 ∙ 𝑒
∫ 𝑖𝑠𝑑𝑠
𝑡
𝑢 ) is the inflation-adjusted 
current price of the TIPS. On the right-hand side, the inflation-adjusted final 
principal continues to evolve until the bond matures. Under the model, the 
final payment is ($𝐹 ∙ 𝑒∫ 𝑖𝑠𝑑𝑠
𝑡
𝑢 ) ∙ 𝑒∫ 𝑖𝑠𝑑𝑠
𝑡𝑛
𝑡 , in nominal term. To measure the 
final payment in consumption bundle at the price on the bond issuance date, 
we deflate this term by cumulative inflation over the entire life of the bond, 
which is 𝑒∫ 𝑖𝑠𝑑𝑠
𝑡𝑛
𝑢 . This consumption bundle is paid-off far into future, we 
therefore discount it back by real-interest rate 𝑒−∫ 𝑤𝑠𝑑𝑠
𝑡𝑛
𝑡 . Finally, the expected 












)]. On the left-hand 
side, the inflation-adjusted current price is also deflated by cumulative 
inflation over the entire life of the bond to obtain the corresponding 
consumption bundle at the price on the bond issuance date. In summary, we 
have the equation below that prices the hypothetical zero-coupon OFRB in 














($𝐹 ∙ 𝑒∫ 𝑖𝑠𝑑𝑠
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𝑡 ] (7) 
The expected value under risk neutral probability measure 𝔼𝑡
ℚ [𝑒−∫ 𝑤𝑠𝑑𝑠
𝑡𝑛
𝑡 ] can 





ℚ ) 𝑌2𝑡] using the relation with the decoupled model depicted 
above in Equation (6). Grishchenko et al. (2011) provided the various 
moments for the [
𝑌1𝑡
𝑌2𝑡
] decoupled system, I apply their results in my decouple 
















] = 𝑒𝐻(𝑌1𝑡,𝑌2𝑡,𝑡,𝑡𝑛) 
where  
















































I can group the expression, such that  




where Ψ denotes vector of parameters in the model and 𝜏 denotes the length of 
time between the valuation time 𝑡 to maturity time 𝑡𝑛; 𝐽(Ψ, 𝜏) is the intercept 




The continuously compounding yield of the hypothetical zero-coupon OFRB, 




















To price the second component $𝑃𝑝𝑢𝑡,𝑡, the value of deflation put option, I 
first look at how the option pays-off at maturity. The underlying instrument of 
the option is cumulative inflation over the entire life of TIPS, which is 
calculated as the ratio of the reference CPI-U on the valuation date to that on 
the issuance date of the TIPS. In my model, this is denoted by 𝑒∫ 𝑖𝑠𝑑𝑠
𝑡𝑛
𝑢 , which 
is larger than 1 when cumulative inflation occurs over the life and the option 
will be worthless; and less than 1 when cumulative deflation occurs and the 
put option will be exercised to swap the downward adjusted the hypothetical 
zero-coupon OFRB with nominal dollar $𝐹. The payoff function at maturity, 
measured by nominal dollar, is 
19 
 




The option value at time 𝑡 can be calculated by discounting the payoff at 































where 1{… } is the indicator function for the event of cumulative deflation.  
To evaluate equation (9), Grishchenko et al. (2011) provide close form 
solutions. For equation with the form 𝔼𝑡
ℚ[𝑒𝑍11{𝑑>𝑍2}], where 𝑍1 and 𝑍2 are 
bivariate normally distributed random variables and 𝑑 is a constant. The value 
















where 𝑁(∙) is the standard normal cumulative distribution function. I follow 
the calculations in Grishchenko et al. (2011) to find out the various moments 
for the expression.  
Recent literature starts to recognize the unique information content in the 
option value calculated above as it reflects the (expected) cumulative 
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inflation/deflation environment over the entire life of a particular TIPS. 
Grishchenko et al. (2011) for example use the estimated option values to 
construct an deflation option index and show such index are highly correlated 
with concurrent and future inflation environment. Christensen, Lopez and 
Rudebusch (2011) and Li (2012) show that the value of 𝑁(∙), so-called risk 
neutral deflation probability, provides a risk neutral probability measure on 
the market consensus on the likelihood that the TIPS would mature with zero 
or negative cumulative inflation.  
Some attempts have been made by researchers to understand the information 
content of the deflation put options. Grishchenko et al. (2011) construct a 
deflation option index using the various available options values estimated 
from the empirical data. However, there are several drawbacks of this 
approach. To begin with, the weights assigned to each option value seem 
arbitrary. It is hard to argue which option should receive more weights 
contributing to the index. Secondly, as the index is a weighted average reading 
of the member options, which may have very different features such as 
moneyness, time to maturity and so on, the exact economic meaning of the 
index is hard to interpret. Thirdly, the index would exhibit substantial 
variation due to the replacement, as new TIPS are issued while the old retired. 
This effect should be eliminated as it is unrelated to inflation forecasting. 
Moreover, in this paper, I argue that the option value directly estimated from a 
TIPS is confounded by the money-ness of the option. To obtain clearer 
information content of the deflation option, one should remove the money-
ness before further analysis. Usually, the option value is determined by two 
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parts, the money-ness of the option as well as expected future underlying 
evolution. The money-ness of the option does not tell much about future 
environment since it only captures the historical inflation environment from 
the inception of the TIPS to the valuation time 𝑡. In addition, the money-ness 
of the option can sometimes dominant the option value and erode the 
predictability power. Many recent papers (Grishchenko et al. 2011, Wright 
2009 and Li (2012) for example) find very little deflation put option value of 
the 10-year TIPS series. One of the reasons could be the fact that the 
cumulative inflations of these 10-year TIPS bonds are so large over the years 
such that the probability of finishing with cumulative deflation is so small. 
Therefore, in order to obtain option value that is sensible to future inflation 
environment and offers good predictability, it is essential to remove the 
money-ness of the option.  
In fact, this is easily obtainable given the existing settings. The value of an at-
the-money hypothetical option issued on spot time 𝑡 and matured in time 𝑡𝑛, 
can be calculated by changing the inflation reference period to spot time 𝑡, 











Evaluating the equation gives us a time series of at-the-money constant 
maturity deflation put option values. This option series are hypothetical since 
they do not exist in the market, but they offer important observations. First of 
all, they can tell us the fair value of option premium that investors pay to 
protect against deflation risk at any point of time. If this time corresponds to a 
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particular TIPS issuance date, the value calculated here will also be the initial 
premium investors pay for the deflation put option in that particular TIPS at 
issuance. Moreover, the estimate results, which will be detailed discussed later 
on, show the rich information content in the time series of the deflation put 
option.  
2.4 Pricing nominal Treasury bonds 
Consider a nominal Treasury bond that is issued at time 𝑢 and matures at 
time 𝑡𝑛, with principal in nominal dollar $𝐹. Its price at time 𝑡 can be 
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can be expressed in an affine exponential closed-form by substituting (𝑤𝑠 +








ℚ )𝑌2𝑡]. Grishchenko et al. (2011) 
provide the various moments for the [
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] decoupled system. I follow their 
calculations to derive the close-form solutions. Similarly, this term is an 


























































































I can group the expression, such that  








The continuously compounding yield of the zero-coupon nominal Treasury 



















3 Empirical methodology 
In section 2, I developed the model and presented bond prices as an 
exponential affine function of the underlying state variables. In this section, I 
turn to econometrics to fit the model to market data. I adopt a technique that 
has been introduced relatively recently to the estimation, called the Kalman 
filter. The Kalman filter is a linear estimation method that fits the affine 
relationship between bond yields and the state variables. It allows the state 
variables to be unobserved magnitudes and utilizes time-series data 
sequentially to update the parameters. For a Gaussian affine term structure, the 
Kalman filter algorithm provides an optimal solution to predict, updating and 
evaluating the likelihood function (Duan and Simonato 1999).  
In this section, I will first discuss the data used for model estimation and 
subsequent regression studies, followed by how I apply Kalman filter in my 
model estimation in detail. 
3.1 The Data 
To estimate the term structure model, I use Bloomberg to obtain weekly price 
data for all of the 10-year TIPS and 10-year nominal Treasury bonds that are 
outstanding or matured over the sample period from 2003:09 to 2014:09. I use 
10-year TIPS in model estimation because of two reasons. Firstly, 10-year 
TIPS series give the longest possible sample period compared to other series. 
Secondly, the 10-year TIPS series provide a good approximation for the 
hypothetical OFRB. As discussed in section 2, the value of a TIPS is made up 
of two parts: an hypothetical OFRB and a deflation put option. In the absence 
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of OFRB in the real-life US market, one has to rely on TIPS market to find the 
closest approximation. 10-year TIPS series generally have small and hence 
ignorable deflation put option value due to the significant cumulative inflation 
they carry. For these TIPS, deflation has to be very severe to unwind all the 
cumulative inflation before such embedded deflation options having any 
values. It is therefore safely to use the 10-year TIPS series to proxy for the 
hypothetical OFRB. In addition, empirical studies on the 10-year TIPS series 
also support this argument. Grishchenko et al. (2011), for example, find the 
option value only $0.00615 per $100 face value, supporting the argument that 
the option value is indeed small and can be safely ignored in the 10-year TIPS 
series. In this paper, 10-year TIPS series are treated as the OFRB into the 
estimation. Similar practice is also seen in Wright (2009) and Li (2012).  
The bond prices data obtained from Bloomberg are identified by its 
International Securities Identification Number (ISIN). To further verify the 
ISIN, the series are double-checked by matching with the corresponding 
CUSIP in TreasuryDirect
1
, the databased provided by US Treasury. As 
D’Amico, Kim and Wei (2010) point out, bonds with only last coupon 
remaining generally suffer from poor liquidity, which causes mispricing of the 
bonds. Thus, prices of the TIPS and nominal Treasury bonds that have less 
than 6 months to maturity are discarded in the sample. 
The inflation measure for TIPS is the US Consumer Price Index for Urban 
Consumers, not Seasonally Adjusted (CPI-U NSA). The reading is release 




service establishments. I obtain the monthly readings from US Bureau of 
Labor Statistics. Since the bond yield data is on weekly basis, while the CPI-U 
NSA data is on monthly basis, I interpolate the CPI-U NSA data to match the 
bond prices data.  
To further study the information content of the deflation put options, I run 
several regressions on the calculated deflation put option time series on 
various market returns. The dataset used for the regression studies are (i) the 
yield spreads, which are the difference between the average yields of the 
nominal Treasury bonds and the TIPS; (ii) the returns on gold, calculated 
using gold prices from the London Bullion Market Association; (iii) the 
returns on VIX Index, which is the implied volatility index on the S&P 500 
Index; (iv) the returns on Barclays TIPS Total Return Index, which is an 
investment fund specialized in TIPS investment; (v) the returns on stock 
market indexes: S&P 500 Index, MSCI World Index Developed Markets, and 
MSCI AC World Index; and (vi) the returns on commodity market: Thomson 
Reuters Core Commodity Index and Bloomberg Commodity Index. The 
weekly time series of the indexes/prices are obtained from Bloomberg and 
returns are calculated on the continuously compounding basis.  
3.2 The Kalman filter 
I follow the Kalman filter technique applied to estimating affine term structure 
models discussed in Duan and Simonato (1999). The brief roadmap of 
estimation is briefly discussed here. To begin with, the original term structure 
model needs to be reformulated into what is called state-space form, which 
consists of a measurement system, representing how the observable bond 
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yields relate to state variables evolution, and a transition system, governing 
how state variables evolve over time. Then, the Kalman filter algorithm starts. 
It first forms an optimal predictor of unobserved state variables given its 
previous information set using various conditional moments of the state 
variables. Secondly, bond yields are predicted using the just-obtained optimal 
predictor of unobserved state variables. Thirdly, prediction errors are 
calculated by comparing the actual realization of bond yields and the predicted 
bond yields. The information contained in these prediction errors is used to 
update the inference about the unobserved state variables as well as the 
likelihood function. These steps are to be loop recursively from the initial data 
point to the last in the bond yields time series. The estimation goal is to obtain 
a set of parameters that maximize the likelihood function.  
The state-space form is obtained from the model specification discussed in 
Section 2. The measurement system in the Kalman filter only allows the 
observables to be related with the state variables in a linear form. The 
continuously compounding yield of OFRB and nominal Treasury bonds are 
both affine functions of the state variables, as shown in equation (8) and 
equation (11), therefore serve the purpose of measurement system. However, 
the observed bond yields may not necessarily free from measurement errors, it 
is therefore reasonable to assume that the yields are observed with temporary 
shocks which are Gaussian white noise errors. To facilitate notations later on, 
I define the observed bond yields matrix as matrix-𝑅𝑡, the intercept matrix as 
matrix-A and coefficient matrix as matrix-H. Given 𝑁 bonds with different 




























































































































































where 𝑣𝑖,𝑡 denotes the measurement errors associated with the corresponding 
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] 
The transition equation for the state-space form governs how unobserved state 
variables evolve over time. However, the dynamics of state variables 
developed in Equation (1) is in continuous time. One needs to reformulate it to 
fit into the discrete time evolution of the Kalman filter. To obtain the 
transition equation, I need to derive conditional mean and variance of the 
unobserved state variables over the time interval of length ℎ, corresponding to 




] decoupled system are in closed-form. To facilitate notations later on, I 
define the intercept matrix as matrix-C and coefficient matrix as matrix-F. The 






























































































ℱ𝑡 denotes the filtration generatation by the measurement system upto time 𝑡.  
Step 0: Initializing the starting values for the state variables. Kalman filter 
specification requires using the unconditional mean and variance of the 
transition system as the starting points of the state variables. The 


















































the conditional mean and variance of the measurement system is 
𝔼(𝑅𝑡|ℱ𝑡−1) = 𝐴 + 𝐻𝔼(𝑌𝑡|ℱ𝑡−1) 
𝑉𝑎𝑟(𝑅𝑡|ℱ𝑡−1) = 𝐻𝑉𝑎𝑟(𝑌𝑡|ℱ𝑡−1)𝐻
′ + ℛ 
Step 2: Calculate prediction erros. The actual realizations of bond yields are 
known when time moves forward. The prediction errors 𝜁𝑡 are the deviations 
between the actual realizations and the forecasts in previous step, which 
assesses how good the state variables are to fit the model observations. 
𝜁𝑡 = 𝑅𝑡 − 𝔼(𝑅𝑡|ℱ𝑡−1) 
Step 3: Constructing the log-likelihood function. The ultimate goal of the 
estimation is to find a proper set of parameters that fit real-life market data 
well. One way to gauge how well the model fits data is to look at the log-
likelihood function. The prediction errors and the conditional variance of the 
measurement system provide essential input for the log-likelihood function. 
The log-likelihood function is derived from the assumption that measurement 
errors in the measurement system are Gaussian white noise. The log-
















Step 4: Updating the inference about state variables. Another usage of 
prediction errors 𝜁𝑡 is to incorporate the information revealed from the 
realized bond yields into the state variables. I first calculate the Kalman gain 
matrix, 𝐾𝑡. The Kalman gain matrix assigns weight of the new realization of 
the bond yields that governs how state variables to be updated with the new 





The mean and variance of the unobservable state variables, incorporated with 
the new information is updated as  
𝔼(𝑌𝑡|ℱ𝑡) = 𝔼(𝑌𝑡|ℱ𝑡−1) + 𝐾𝑡𝜁𝑡 
𝑉𝑎𝑟(𝑌𝑡|ℱ𝑡) = (𝐼 − 𝐾𝑡𝐻)𝑉𝑎𝑟(𝑌𝑡|ℱ𝑡−1) 
Step 5: Forecasting the state variables for next period. To move the 
recursion ahead, the state variables need to be forecasted. The optimal 
estimation of the state variables are the conditional mean and variance, which 
can be obtained from the transition system. The conditional mean and variance 
of the state variables, one-period ahead are 
𝔼(𝑌𝑡+1|ℱ𝑡) = 𝐶 + 𝐹𝔼(𝑌𝑡|ℱ𝑡) 
𝑉𝑎𝑟(𝑌𝑡+1|ℱ𝑡) = 𝐹𝑉𝑎𝑟(𝑌𝑡|ℱ𝑡)𝐹
′ + 𝒬 
Repeat Step 1 to Step 5 over the entire sample period. The Kalman filter 
algorithm will be repeated for each discrete time-step. In each time-step, the 
unobserved state variables are predicted and updated, together with the 
predicted errors and log-likelihood function value. Over the entire sample 
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period, time series of inferred unobserved state variables and predicted errors 
are obtained. One can then plot the time series and perform further study to 
understand the dynamics of the underlying as well as examine how well the 
model fits into real-life market data. I will further discuss the estimate results 
in the next section. 
Besides the recursive procedures of the Kalman filter, the whole set of the 
algorithm is to be run for many times to find the set of parameters that 
maximize the sum of log-likelihood function values over the entire sample 
period. This econometrics method is called Maximum Likelihood Estimation 
(MLE). The log-likelihood function in Step 3 described above is derived under 
the principle of MLE method with the assumption that measurement errors are 
Gaussian white noises as shown in Equation (12). The sum of these values is 
treated as the objective function in the estimation and a non-linear numerical 
optimization method, interior point optimization method, is utilized to find the 
maximum.  
4 Findings and analysis 
In this section, I discuss on the findings and analysis of this study. In 
subsection 4.1, I first talk about the parameter estimates using the Kalman 
filter and Maximum Likelihood Estimation method depicted above, followed 
by summary statistics of various times series. The primarily focus of this study 
is on the information content in the deflation put option in TIPS. I conduct two 
broad sets of regression analysis and the results are discussed in subsection 4.2. 
The first set studies the correlation between the option values and returns with 
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realized inflation environment, both contemporaneous realized inflation, as 
well as future inflation. The regressions on contemporaneous inflation serve as 
validity test, ensuring that the option values and returns are closely related 
with concurrent inflation environment. The regressions on future realized 
inflation test on the predictability power of the option values and returns. I 
show that the deflation put option values and returns are reliable and robust 
forecast for future inflation up to 4 months ahead. The second set test on the 
correlation with commodity market returns and global equity market returns. 
This helps us to understand if inflation/deflation environment is one of the 
important factors impacting the commodity market and global stock market. 
Furthermore, it shed light on the information linkage between Treasury bond 
market and other financial markets.  
Lastly, in subsection 4.3, I investigate how financial participants price the 
inflation risk and real interest risk. The market price specifications adopted in 
this study are Dai and Singleton (2000) and Duffee (2002). Using the 
parameter estimates and time series of instantaneous inflation rate and 
instantaneous real interest rate, time series of risk premia for inflation risk and 
real interest rate risk can be obtained.  
4.1 Estimation results 
I estimate the parameters in Equation (2) under both Dai and Singleton (2000) 
and Duffee (2002) market price of risk specification, as written in Equation (4 
DS) and Equation (4 D) respectively. Following the MLE method and Kalman 
filter procedures described above, a non-linear numerical optimization, 
interior-point method, is used to find the proper set of parameters that yields 
34 
 
the highest log-likelihood values. To ensure the parameters give a global 
maximum for the objective function, I generate a large set of random numbers 
as initial values for the estimation, together by checking that the first-
derivatives are zero for each parameter and the Hessian matrix is positive 
definite.  
Table I shows the parameter estimates and corresponding t-values in 
parenthesis. Most of the parameters are significantly different from zero at 5% 
confidence interval. Using the parameter estimates, I can again apply the 
Kalman filter to estimate the time series of the unobservable state variables, 
instantaneous inflation and instantaneous real interest rate, as well as the 
prediction errors. The time series of the unobservable state variables and the 
parameter estimates provides necessary inputs to calculate the at-the-money 
deflation put option prices as depicted in Equation (9b). Equation (9b) is able 
to produce the option prices with any arbitrary tenure. I choose to report the 5-
year constant maturity series as to match the maturity of the 5-year TIPS 
series. Table II reports the summary statistics of these time series under both 
Dai and Singleton (2000) market price of risk specification and Duffee (2002) 
specification and Figure I plots the time series of inflation rate and real 
interest. Over the sample period, both real interest rate and at-the-money 5-
year constant maturity deflation put option values are significantly different 
from zero. The instantaneous real interest rate is about 3% per annum, 
consistent with the prior literature estimates. The plot of the instantaneous real 
interest rate suggests a very steady trend over the sample period. Instantaneous 
inflation rate estimation has a positive mean, but not significantly different 
from zero over the sample period. The plot of the instantaneous inflation 
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shows substantial time variance that matches macro-economic events. Over 
the sample period, the inflation rate sharply declines from mid-2007. This 
time frame corresponds to the onset of the global financial crisis. From mid-
2007 real estate mortgage market started to melt-down. This later causes a 
series of collapse of big financial institutions in both the US and the world. 
Another declining trend is found during mid-2010, which corresponds to the 
European sovereign debt crisis and economy slow-down in the majority of 
countries, especially China and India. Finally, the average of prediction errors 
are small in magnitude and insignificant different from zero, suggesting a 
good fit of the parameter estimates. 
Table II provides the summary statistics of the at-the-money 5-year constant 
maturity deflation put option. There are some interesting observations. Firstly, 
over the sample period, the option values are significantly different from zero. 
The option values are on average $0.841 per $100 face value, or about 17 
basis points if amortized to yearly basis. In other words, the risk of deflation is 
always priced into TIPS issuance, even in an inflationary environment during 
the pre-crisis period. This is a new finding that are often overlooked in the 
prior literature. Earlier papers studying TIPS often treat the deflation risk close 
to zero, while the recent studies, which explicitly account for the deflation 
option, only estimate the deflation put option embedded in a specific TIPS, 
and therefore are not able to eliminate the effect of money-ness of the option. 
My measure, the at-the-money 5-year constant maturity deflation put option 
prices, eliminates the effect of the money-ness of the option. Moreover, 
having a constant maturity rolling over feature gives a constant length view on 
future inflation/deflation environment prediction.  
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The option values also exhibit time variation over the sample period. Figure II 
plots the time series. The deflation option values are relatively low at about 
$0.77 in the pre-crisis period. From mid-2007 onwards the option values start 
to trend up, following closely to real-time financial market events such as 
global financial crisis and European sovereign debt crisis, as well as slowing-
down of major developed and emerging economies.  
4.2 Information content of the embedded deflation option 
To get a better understanding of the information content in the option values, I 
run regressions to test the predictability power of the option values for 
contemporaneous and future inflation/deflation, commodity returns and stock 
market returns. The realized inflation is calculated from CPI-U NSA using 
continuous compounding. These realized inflation rates are used as dependent 
variable in the regressions. Table III shows contemporaneous inflation 
regressions results, Table IV shows future realized inflation regressions results, 
and Table V shows long-term inflation forecast regressions results. The main 
explanatory variables of interest are at-the-money 5-year constant maturity 
deflation put option values, denoted as option value, and their continuously 
compounding returns, denoted as option return. The two market price of risk 
specifications, Dai and Singleton (2000) and Duffee (2002), provide two time 
series of option values. Therefore, throughout the regression analysis, I report 
both sets of results using both specifications. In all of the regression analyses, 
Newey and West (1987) method with four lags
2
 is adopted to adjust for inter-
2 Newey and West (1987) method using three, five, and six lags are also performed, which has no 
material changes on the results.  
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temporal correlation in standard errors. The t-statistics are reported in 
parenthesis.  
Variables that are common measure of inflation expectations or general 
market conditions are used as control variables in the regressions as well. 
These variables are chosen as similar to those in Grishchenko et al. (2011), 
who also study the information content of the deflation option in TIPS. These 
control variables are: yield spread, gold return, VIX return and Bond return. 
Yield spread is the difference between the average yields of the 10-year 
nominal Treasury bonds and the 10-year TIPS. Yield spread is also often 
called “break-even inflation rate”, because it is the rate of inflation that makes 
TIPS investors “break-even” compared to holding a nominal Treasury 
counterpart. If the inflation realized at maturity is higher than the break-even 
rate, the TIPS investment will outperform the nominal Treasury bond. 
Although this measure completely ignores inflation premium and other 
mitigating factors, this simple calculation is quite popular among industry 
professionals as an inflation expectation estimate. Gold prices are also a 
popular inflation measure. Gold is often regarded as a hard currency which 
stores purchasing power in an inflationary environment. Bekaert and Wang 
(2010)’s calculation shows the inflation beta for gold is 1.45 in North America, 
suggesting a high correlation between gold prices/returns with inflation rates. 
Bond return is calculated as the continuously compounding return of the 
Barclays TIPS Total Return Index. The information content of TIPS itself has 
been studied by prior literatures such as Chu, Pittman and Chen (2007), 
D’Amico, Kim and Wei (2009) and Chu, Pittman and Yu (2011). As pointed 
out by Grishchenko et al. (2011), controlling for TIPS returns allows one to 
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test if the deflation option has incremental explanatory power to the inflation 
rate beyond that of the total returns of TIPS itself. Lastly, VIX index returns 
are also included as a control variable. The index is constructed using options 
on S&P 500 index. It is often used in finance industry as a measure of risk and 
risk sentiment in equity markets. Bloom (2009) shows that the VIX index is 
also associated with many macroeconomic variables.  
Table III shows the regression results of the correlation between the option 
values/returns and contemporaneous inflation. Regressions (1) to (5) are done 
using the option values/returns estimated under Dai and Singleton (2000) 
specification, while regressions (6) to (10) are obtained using those estimated 
under Duffee (2002). The coefficient magnitudes appear to be different, but 
the results are consistent throughout. Contemporaneous inflation is the 
realized inflation rate over the same length of time as the independent 
variables. It shows how the independent variables correlate with the realized 
inflation over the same period. Univariate regression results show that both 
option values and option returns are negatively correlated with 
contemporaneous inflation. This is consistent with intuition: deflation put 
option protects investors from cumulative deflation environment. Therefore, 
the option values and returns should exhibit a negative correlation. These 
results remain true when other control variables are included. In fact, when 
option values and returns are included in the regression, those common 
inflation expectation factors are not significantly correlated with 
contemporaneous inflation any more, which suggests that the option value and 
returns are in better position than these factors in reflecting concurrent 
inflation environment.  
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To test how deflation put option values and returns predict future realized 
inflation, I use 1-month forward realized inflation as dependent variables. 
Table IV shows the regression results. In univarite tests, option values and 
returns can predict 1-month ahead realized inflation. High deflation option 
values and returns are associated with low future inflation environment. In 
multivariate tests, the option values and returns exhibit good robustness in 
predicting future realized inflation over other control variables that are 
commonly regarded as measure of inflation expectation. The regression 
coefficients for control variables yield spreads and gold returns have right sign 
consistent with intuition, but both the magnitude and statistical significance 
are small. Bond returns, although are not significantly associated with 
contemporaneous inflation as shown in Table III, become significantly 
negatively correlated with future realized inflation, suggesting some reliability 
in predicting 1-month ahead inflation. But still, the variables of interest, option 
values and returns are robust, picking up additional information content about 
future inflation over control variables.  
In Table V, I stretch the sample to test the long-term inflation predictability of 
the option values and returns. The time frame covered are 1.5 months ahead, 2 
months ahead, 3 months ahead and 4 months ahead. To save space, the 
regression with both option values and returns, together with other control 
variables are shown. The option values and returns again prove to be robust in 
forecasting future inflation environment up to 4 months ahead. It is 
worthwhile to point out here that bond returns appear to be only able to predict 
inflation over 2 months ahead; for longer periods such as 3 months ahead and 
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4 months ahead, the coefficient for bond returns are no longer statistically 
significant.  
In summary, the analyses in Table III, IV and V provide strong support for the 
information content in the at-the-money 5-year constant maturity deflation put 
option time series. First of all, the option values and returns are highly 
correlated with contemporaneous inflation environment. Moreover, they also 
provide robust and consistent prediction about future realized inflation up to 4 
months ahead. Other common factors that are often regarded as measures for 
inflation expectation, such as yield spreads and gold returns are not 
significantly associated with contemporaneous inflation or future realized 
inflation when the option factor is included in the regressions. TIPS bonds 
returns appear to have sensible prediction for inflation up to 2 months, but lose 
the predictability power going further.  
 
Next, I turn to analysis on how the option values and returns correlate with 
commodity market returns and global equity market returns. The implication 
is two-fold. Firstly, it helps to understand the underlying driving force that 
impacts the commodity market and stock market fluctuations. Moreover, it 
shed lights on how information flows across markets, from Treasury bond 
market to commodity market and stock market.  
Table VI shows the regression results on commodity market returns. Two 
types of commodity market index are chosen: Thomson Reuters Core 
Commodity Index (CRB) and Bloomberg Commodity Index (BCOM). CRB is 
a benchmark index for commodity market. It was first calculated by 
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Commodity Research Bureau (therefore, “CRB”) in 1957. Now, the index 
covers 19 types of commodities quoted on major commodity futures 
exchanges. BCOM is previously known as Dow Jones UBS Commodity Index. 
It offers a simple and single way to track and invest in commodity market. 
The index currently consists of 22 commodity futures, weighting by global 
economic significance and market liquidity. Commodity prices closely link 
with inflation environment. On one hand, consumers are directly exposed to 
commodity fluctuations such as natural gas for heating and generating 
electricity, crude oil and petroleum for cars and airplanes, and many other 
agricultural commodities like wheat, corn, soy bean and animal protein. On 
the other hand, commodity prices feed into producers’ cost structure and 
ultimately translate to end-products consumed by people. Intuition would tell 
that low inflation expectation will be correlated with low commodity market 
returns; in other words, higher the deflation put option values and returns, 
lower the commodity market returns. This is exactly shown in the regressions 
results in Table VI. Option returns under both Dai and Singleton (2000) 
specification and Duffee (2002) specification are negatively correlated with 
contemporaneous commodity indexes returns at 5% significance level even 
when other control variables are included. Gold returns and VIX returns are 
also significantly associated with the commodity indexes, which is not 
surprising. Gold as one of the commodity constituents in the commodity 
indexes, naturally has strong correlation with the indexes returns. VIX index, 
captures investors’ view about future investment risk and uncertainty in S&P 
500 index, is also correlated with many macro-economic factors as shown by 
Bloom (2009). With this argument, the VIX returns could be negatively 
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associated with the commodity market fluctuations. But still, the deflation 
option returns can provide additional information content that are not captured 
by those control variables.  
Lastly, Table VII reports the regressions results on equity market returns. 
Equity market performance roots in corporate earnings, which ultimately 
depend on general economy conditions. Inflation environment is an important 
part of macro-economic factors. It is therefore interesting to test if the 
deflation put option contains any information on equity market returns. In this 
set of regressions, two types of global equity market index are chosen: MSCI 
World Index Developed Markets (MXWO) and MSCI AC World Index 
(ACWI). MXWO is a free-float weighted global equity index. It reflects the 
stock market performance of 23 developed markets. ACWI captures a wider 
coverage on global equity markets. It represents across 23 Developed Markets 
and 23 Emerging markets, making up about 85% of the global publicly 
investable equity universe. The regressions results shown on Table VII 
indicate that the deflation option values and returns are negatively associated 
with stock market returns: when the option values and returns are high, global 
equity markets would experience negative returns at the same time. The 
results on option returns under Duffee (2002) specification are significant 
even other control variables are included in the regressions. Clearly, the 
deflation option time series provides an important aspect in explaining global 
stock market performance.  
In summary, Table VI and Table VII offer additional evidence supporting 
inflation/deflation environment being one of the important factors that have 
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impact on commodity market and global stock markets. Furthermore, 
information from Treasury bond market, such as TIPS and nominal Treasury 
bonds, can flow across to other financial markets.  
4.3 Market price of risks 
Equation (3D) and Equation (3DS) calculate the risk premia for instantaneous 
real interest risk and instantaneous inflation risk. It is important to estimate the 
risk premia because they tell if the risks are priced by market participants. 
Table II shows the summary statistics for the inflation risk premium and real 
interest rate risk premium under Dai and Singleton (2000) market risk 
specification and Duffee (2002) specification respectively. Under Dai and 
Singleton (2000) specification, the risk premia in my model is deterministic by 
parameters only, as shown in Equation (3D). The estimated mean of the 
inflation risk premium is 3.8% per annum over the sample period. The risk 
premium for real interest rate is 1.4% per annum. Duffee (2002) specification 
allows more flexibility in modeling market price of risks. As shown in 
Equation (3DS), the risk premia in my model is jointly determined by both 
parameters and spot instantaneous inflation rate and instantaneous real interest 
rate. Using the parameter estimates and estimated instantaneous inflation rate 
and real interest rate from the Kalman filter, the time series of the risk premia 
can be obtained. The mean value of the inflation risk premium over the sample 
period is 1.7%, lower than that estimated under Dai and Singleton (2000) 
specification. The mean value of the real interest rate premium is 1.3%, very 
close to that under Dai and Singleton (2000) specification. T-statistics of both 
time series show inflation risk premium and real interest rate risk premium are 
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significantly different from zero over the sample period. Figure III plots the 
time series of both risk premia. The time series are quite smooth over the 
sample period. They slightly increase in the post crisis period and peak in 
2012.  
5 Conclusion 
While prior literature often ignores the embedded deflation put option in TIPS, 
I explicitly account for it in the TIPS pricing equation. I argue that the 
deflation put option is non-trivial and there is rich information content to be 
exploited. A two-factor affine term structure model, in which bond prices are 
driven by two state variables, the instantaneous real interest rate and the 
instantaneous inflation rate, is constructed to fit real-life TIPS prices and 
nominal Treasury prices. To solve econometric estimation problem, I adopt 
the Kalmen filter and Maximum Likelihood Estimate method. The parameter 
estimates are reliable and significant over the sample period.  
The primarily focus of this study is on the information content in the deflation 
put option in TIPS. I construct the time series of the at-the-money 5-year 
constant maturity deflation options. Unlike the deflation option embedded in a 
certain TIPS, this option series is constructed to be always at-the-money and 
have 5-year maturity. The at-the-money feature helps to mitigate the money-
ness problem of the option that only captures the historical inflation 
environment, and hence provides clearer channel to test the predictability 
power for future inflation. The 5-year maturity is chosen to match the 5-year 
TIPS series and can be easily adjusted to other tenure. My estimation shows 
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that such at-the-money 5-year constant maturity deflation option has 
significant positive value over the entire sample period, supporting the 
argument that such option should not be overlooked in TIPS pricing especially 
for short-tenure TIPS with low cumulative inflation.  
To study the information content of the deflation option values and returns, 
several regressions are conducted. First of all, the results show that the option 
values and returns are highly correlated with contemporaneous inflation 
environment. Moreover, the option values and returns have robust and 
consistent predictability power for future inflation environment up to 4 months 
ahead. These results remain robust even when other factors that are commonly 
regarded as measures of inflation expectation, such as yield spreads, gold 
returns and TIPS returns, are controlled. Interestingly, neither yield spreads 
nor gold returns is able to sensibly predict future inflation environment when 
the option present in the regression; TIPS bond returns appear to have some 
predictability power for inflation up to 2 months, but lose the predictability 
power going further.  
I also do analysis on how the option values and returns correlate with 
commodity market returns and global equity market returns. The results 
indicate that the deflation option values and returns are negatively associated 
with both commodity market returns and stock market returns: when the 
option values and returns are high, both commodity market and global equity 
markets would experience negative returns at the same time. This provides 
additional evidence supporting inflation/deflation environment being one of 
the important factors that have impact on commodity market and global stock 
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markets. Furthermore, information from Treasury bond market, such as TIPS 
and nominal Treasury bonds, can flow across to other financial markets.  
Lastly, I investigate how financial participants price the inflation risk and real 
interest risk. I adopt Dai and Singleton (2000) and Duffee (2002) market price 
specifications respectively to study the risk premia associated with these two 
types of risk. The estimates show that the risk premia for both inflation risk 
and real interest risk are significantly positive over the sample period. Time 
variations of the risk premia are small. They slightly increase in the post crisis 
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Figure I. Estimated Instantaneous Real Interest Rate and Inflation Rate 
This figure presents the estimated instantaneous real interest rate and inflation rate over the 
sample period of 2003:09 – 2014:09. The time series are estimated using the Kalman filter 
and Maximum Likelihood Estimate method with observed weekly TIPS prices and nominal 
Treasury bonds prices. Panel A reports the estimate results under Dai and Singleton (2000) 
market price of risk specification, and Panel B reports the estimate results under Duffee 








Figure II. Time series of the estimated deflation put option value 
This figure presents the estimated at-the-money 5-year constant maturity deflation put option 
values over the sample period of 2003:09 – 2014:09. The time series is estimated using the 
Kalman filter and Maximum Likelihood Estimate method with observed weekly TIPS prices 
and nominal Treasury bonds prices. Panel A reports the estimate results under Dai and 
Singleton (2000) market price of risk specification, and Panel B reports the estimate results 








Figure III. Time series of the estimated risk premia 
This figure presents the estimated real interest rate risk premium and inflation risk premium 
under Duffee (2002) market price of risk specification. The time series is estimated using the 
Kalman filter and Maximum Likelihood Estimate method with observed weekly TIPS prices 






Table I. Parameters Estimation Results 
This table reports the parameter estimates for the two-factor term structure model used to 
price TIPS and nominal Treasury bonds. The model is estimated using the Kalman filter and 
Maximum Likelihood Estimate method with observed weekly TIPS prices and nominal 
Treasury bonds prices over the sample period of 2003:09 – 2014:09. A non-linear numerical 
optimization, interior-point method, is used to find the set of parameters that yields the 
highest log-likelihood values. To ensure a global maximum is reached, I generate a large set 
of random numbers as initial values for the estimation, together by checking that the first-
derivatives are zero for each parameter and the Hessian matrix is positive definite. The model 
is estimated under Dai and Singleton (2000) market price of risk specification and Duffee 
(2002) specification. The t-statistics are reported in parentheses under the estimates, and ***, 
**, and * denote statistical significance at the 1%, 5%, and 10% level, respectively.  
 
Parameters 
Dai and Singleton (2000) 
specification 
Duffee (2002)  
specification 

























































































Table II. Summary Statistics 
This table reports summary statistics for the estimated instantaneous inflation rate, real 
interest rate, at-the-money 5-year constant maturity deflation put option value, inflation risk 
premium, real interest rate risk premium, and prediction errors for TIPS and nominal 
Treasury bonds continuously compounding yields. The time series are estimated using the 
Kalman filter and Maximum Likelihood Estimate method with observed weekly TIPS prices 
and nominal Treasury bonds prices over the sample period of 2003:09 – 2014:09. The 
summary results estimated under Dai and Singleton (2000) market price of risk specification 
and Duffee (2002) specification are shown respectively. 
 
Variable Obs Mean Std. Dev. Min Max 
Dai and Singleton (2000) specification 
Inflation rate 573 0.117 0.16 -0.202 0.379 
Real interest rate 573 0.039 0.00 0.035 0.042 
Option value 573 0.817 0.01 0.789 0.831 
Inflation risk premium 573 0.038 - - - 
Real interest risk premium 573 0.014 - - - 
Prediction error_TIPS 573 0.001 0.01 -0.021 0.022 
Prediction error_NT 573 0.000 0.00 -0.007 0.007 
Duffee (2002) specification 
Inflation rate 573 0.037 0.75 -1.697 1.062 
Real interest rate 573 0.003 0.00 0.002 0.004 
Option values 573 0.831 0.04 0.766 0.919 
Inflation risk premium 573 0.017 0.00 0.016 0.017 
Real interest risk premium 573 0.013 0.00 0.013 0.014 
Prediction error_TIPS 573 0.000 0.00 -0.006 0.013 




Table III. Contemporaneous Inflation Regressions 
This table reports the regressions results using contemporaneous realized inflation as dependent variable. The realized inflation is calculated from CPI-U NSA using 
continuous compounding. The independent variables of interest are option value and option return, which are the values/returns of the at-the-money 5-year constant maturity 
deflation put option estimated from the two-factor term structure model. The time series are estimated using the Kalman filter and Maximum Likelihood Estimate method 
with observed weekly TIPS prices and nominal Treasury bonds prices over the sample period of 2003:09 – 2014:09. The regressions results for the option values estimated 
under Dai and Singleton (2000) market price of risk specification and Duffee (2002) specification are shown respectively. Other control variables are also included in some 
regressions. Inflation, lag4 is the realized inflation in the previous month. Yield spread is yield difference between the 10-year TIPS and nominal Treasury bonds. Gold return 
is the return on Gold Bullion published by London Bullion Market Association. VIX return is the return on the VIX index, which is the implied volatility index on the S&P 
500 Index. Bond return is the return on Barclays TIPS Total Return Index, which is an investment fund specialized in TIPS investment. The t-statistics based on four-lag 
Newey-West adjusted standard errors are reported in parentheses under the coefficient estimates, and ***, **, and * denote statistical significance at the 1%, 5%, and 10% 
level, respectively. 
 Dai and Singleton (2000) specification Duffee (2002) specification 
 (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
Dependent variables: contemporaneous realized inflation 
           
Option value -13.252*** -3.308***   -2.101*** -10.638*** -10.310***   -10.105*** 
 (-27.58) (-7.01)   (-5.71) (-190.86) (-61.90)   (-54.08) 
Option return   -2.221 -19.553*** -16.493***   -6.182 -15.924*** -0.831*** 
   (-0.17) (-13.39) (-11.50)   (-0.96) (-16.47) (-3.12) 
Inflation, lag4  0.758***  0.984*** 0.848***  0.030**  0.989*** 0.049*** 
  (22.35)  (104.18) (31.55)  (2.12)  (100.63) (3.08) 
Yield spread  0.567  1.281 0.517  3.088***  5.936 3.019*** 
  (0.61)  (1.57) (0.62)  (3.68)  (1.44) (3.53) 
Gold return  0.022  0.001 0.006  -0.039  0.053 -0.031 
  (0.56)  (0.03) (0.18)  (-0.75)  (0.22) (-0.59) 
VIX return  0.009  0.014** 0.013**  0.003  0.087* 0.007 
  (1.45)  (2.31) (2.54)  (0.36)  (1.94) (0.76) 
Bond return  -0.083  0.142 0.117  -0.203  1.037 -0.067 
  (-0.88)  (1.29) (1.19)  (-1.58)  (1.16) (-0.49) 
Constant 10.944*** 2.717*** 0.117*** -0.028 1.721*** 8.869*** 8.527*** -0.016 -0.138 8.358*** 
 (27.97) (6.86) (7.73) (-1.50) (5.55) (191.80) (57.08) (-0.21) (-1.46) (49.76) 
           







Table IV. Future Realized Inflation Regressions  
This table reports the regressions results using 1 month ahead realized inflation as dependent variable. The independent variables of interest are 
option value and option return. The regressions results for the option values estimated under Dai and Singleton (2000) market price of risk 
specification and Duffee (2002) specification are shown respectively. See Table III for the definition of variables. The t-statistics based on four-
lag Newey-West adjusted standard errors are reported in parentheses under the estimates, and ***, **, and * denote statistical significance at the 
1%, 5%, and 10% level, respectively. The sample period is 2003:09 – 2014:09.  
 
 Dai and Singleton (2000) specification Duffee (2002) specification 
 (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) 
Dependent variables: 1 month ahead realized inflation 
           
Option value -13.076*** -4.504***   -2.424*** -10.451*** -11.050***   -9.615*** 
 (-25.54) (-5.50)   (-3.87) (-62.21) (-17.52)   (-13.15) 
Option return   -15.956 -31.922*** -28.401***   -13.055** -20.194*** -5.838*** 
   (-1.24) (-12.58) (-11.73)   (-2.09) (-11.89) (-3.77) 
Inflation, lag4  0.652***  0.963*** 0.807***  -0.061  0.969*** 0.075 
  (11.50)  (63.82) (18.25)  (-1.02)  (60.05) (1.09) 
Yield spread  0.772  1.571 0.688  8.957*  11.242** 8.468* 
  (0.55)  (1.45) (0.60)  (1.78)  (2.33) (1.86) 
Gold return  -0.021  -0.055 -0.048  -0.202  -0.066 -0.144 
  (-0.29)  (-0.87) (-0.82)  (-0.54)  (-0.17) (-0.40) 
VIX return  -0.009  -0.001 -0.002  -0.011  0.091 0.015 
  (-0.77)  (-0.12) (-0.22)  (-0.18)  (1.23) (0.25) 
Bond return  -1.056***  -0.683*** -0.711***  -5.775***  -3.770*** -4.818*** 
  (-5.53)  (-4.61) (-4.97)  (-5.41)  (-3.32) (-4.67) 
Constant 10.798*** 3.702*** 0.117*** -0.032 1.986*** 8.703*** 9.011*** -0.018 -0.260** 7.824*** 
 (25.89) (5.39) (7.72) (-1.31) (3.77) (61.24) (15.99) (-0.23) (-2.34) (11.94) 
           






Table V. Long-term Inflation Forecast Regressions 
This table reports the regressions results using h months ahead realized inflation as dependent variable. The independent variables of interest are 
option value and option return. The regressions results for the option values estimated under Dai and Singleton (2000) market price of risk 
specification and Duffee (2002) specification are shown respectively. See Table III for the definition of variables. The t-statistics based on four-
lag Newey-West adjusted standard errors are reported in parentheses under the estimates, and ***, **, and * denote statistical significance at the 
1%, 5%, and 10% level, respectively. The sample period is 2003:09 – 2014:09.  
 
 Dai and Singleton (2000) specification Duffee (2002) specification 
 (1) (2) (3) (4) (5) (6) (7) (8) 
 Dependent variables: h months ahead realized inflation 
 1.5 months 2 months 3 months 4 months 1.5 months 2 months 3 months 4 months 
         
Option value -2.558*** -2.718*** -3.437** -4.455*** -9.191*** -8.431*** -7.850*** -7.999*** 
 (-3.03) (-2.61) (-2.58) (-2.79) (-7.98) (-5.71) (-4.51) (-4.64) 
Option return -28.173*** -27.505*** -25.554*** -25.166*** -5.936*** -6.505*** -4.546* -5.605** 
 (-9.57) (-7.97) (-6.02) (-4.89) (-2.86) (-2.94) (-1.83) (-2.03) 
Inflation, lag4 0.784*** 0.759*** 0.688*** 0.604*** 0.101 0.160 0.195 0.162 
 (13.55) (10.77) (7.58) (5.57) (0.96) (1.20) (1.24) (1.03) 
Yield spread 0.665 0.572 -0.264 -1.920 11.009* 13.298* 14.969* 12.407 
 (0.47) (0.35) (-0.14) (-0.95) (1.65) (1.65) (1.69) (1.33) 
Gold return -0.070 -0.042 -0.078 -0.098 -0.157 -0.059 -0.555 -0.249 
 (-0.94) (-0.51) (-0.83) (-0.93) (-0.39) (-0.14) (-1.10) (-0.49) 
VIX return -0.008 -0.018 -0.038** -0.045* -0.017 -0.077 -0.189** -0.182 
 (-0.55) (-1.10) (-2.00) (-1.84) (-0.21) (-0.96) (-2.00) (-1.45) 
Bond return -0.771*** -0.671*** -0.395 -0.310 -4.020*** -2.753* -1.861 -1.443 
 (-3.89) (-2.66) (-1.02) (-0.77) (-3.13) (-1.87) (-1.04) (-0.85) 
Constant 2.098*** 2.233** 2.845** 3.722*** 7.408*** 6.717*** 6.186*** 6.358*** 
 (2.95) (2.55) (2.55) (2.79) (7.10) (5.03) (3.92) (4.10) 
         




Table VI. Commodity market regression 
This table reports the regressions results using returns of commodity market index, Thomson Reuters Core Commodity Index (CRB) and 
Bloomberg Commodity Index (BCOM), as dependent variable. The independent variables of interest are option value and option return. The 
regressions results for the option values estimated under Dai and Singleton (2000) market price of risk specification and Duffee (2002) 
specification are shown respectively. See Table III for the definition of other variables. The t-statistics based on four-lag Newey-West adjusted 
standard errors are reported in parentheses under the estimates, and ***, **, and * denote statistical significance at the 1%, 5%, and 10% level, 
respectively. The sample period is 2003:09 – 2014:09.  
 Dai and Singleton (2000) specification Duffee (2002) specification 
 (1) (2) (3) (4) (5) (6) (7) (8) 
 CRB CRB BCOM BCOM CRB CRB BCOM BCOM 
         
Option value 0.029  0.016  -0.120*  -0.094  
 (0.13)  (0.08)  (-1.94)  (-1.63)  
Option return  -1.977**  -1.771**  -0.514***  -0.497*** 
  (-2.00)  (-1.97)  (-2.76)  (-2.68) 
Inflation, lag4 -0.002 -0.002 -0.001 -0.001 -0.012** -0.001 -0.010* -0.001 
 (-0.11) (-0.39) (-0.10) (-0.23) (-2.17) (-1.13) (-1.82) (-1.03) 
Yield spread 0.558 0.480 0.510 0.445 0.446 0.399 0.432 0.372 
 (1.33) (1.24) (1.30) (1.23) (1.19) (1.15) (1.24) (1.14) 
Gold return 0.419*** 0.417*** 0.455*** 0.454*** 0.422*** 0.427*** 0.458*** 0.464*** 
 (9.98) (9.98) (11.15) (11.20) (9.92) (10.30) (11.15) (11.55) 
VIX return -0.046*** -0.046*** -0.046*** -0.045*** -0.046*** -0.044*** -0.046*** -0.043*** 
 (-5.21) (-5.14) (-5.76) (-5.69) (-5.29) (-5.01) (-5.83) (-5.50) 
Bond return 0.117 0.142 0.108 0.131 0.144 0.230* 0.131 0.218** 
 (0.93) (1.15) (1.02) (1.25) (1.18) (1.94) (1.24) (2.04) 
Constant -0.036 -0.010 -0.025 -0.010 0.090* -0.009 0.069 -0.009 
 (-0.19) (-1.19) (-0.14) (-1.26) (1.66) (-1.10) (1.38) (-1.16) 
         







Table VII. Equity market regression 
This table reports the regressions results using returns of equity market index, MSCI World Index Developed Markets (MXWO) and MSCI AC 
World Index (ACWI), as dependent variable. The independent variables of interest are option value and option return. The regressions results for 
the option values estimated under Dai and Singleton (2000) market price of risk specification and Duffee (2002) specification are shown 
respectively. See Table III for the definition of other variables. The t-statistics based on four-lag Newey-West adjusted standard errors are 
reported in parentheses under the estimates, and ***, **, and * denote statistical significance at the 1%, 5%, and 10% level, respectively. The 
sample period is 2003:09 – 2014:09. 
 Dai and Singleton (2000) specification Duffee (2002) specification 
 (1) (2) (3) (4) (5) (6) (7) (8) 
 MXWO MXWO ACWI ACWI MXWO MXWO ACWI ACWI 
         
Option value -0.204  -0.316  -0.021  -0.049  
 (-1.27)  (-1.60)  (-0.40)  (-0.74)  
Option return  -0.902  -1.897**  -0.313*  -0.567*** 
  (-1.27)  (-2.10)  (-1.80)  (-2.90) 
Inflation, lag4 -0.015 -0.001 -0.018 0.003 -0.003 -0.001 -0.005 0.000 
 (-1.35) (-0.38) (-1.35) (0.80) (-0.60) (-1.17) (-0.81) (0.04) 
Yield spread 0.217 0.271 0.057 0.124 0.277 0.215 0.185 0.079 
 (0.64) (0.87) (0.14) (0.34) (0.90) (0.70) (0.51) (0.21) 
Gold return 0.132*** 0.131*** 0.214*** 0.212*** 0.133*** 0.137*** 0.216*** 0.223*** 
 (3.62) (3.60) (4.36) (4.34) (3.66) (3.73) (4.40) (4.55) 
VIX return -0.129*** -0.129*** -0.127*** -0.127*** -0.129*** -0.127*** -0.127*** -0.125*** 
 (-10.40) (-10.40) (-8.81) (-8.81) (-10.39) (-10.78) (-8.78) (-9.30) 
Bond return 0.223 0.233 0.373** 0.395** 0.227 0.291* 0.383** 0.496*** 
 (1.50) (1.56) (2.16) (2.29) (1.54) (1.87) (2.21) (2.73) 
Constant 0.166 -0.004 0.261 -0.002 0.014 -0.003 0.038 -0.000 
 (1.21) (-0.56) (1.55) (-0.19) (0.28) (-0.41) (0.65) (-0.03) 
         
Observations 568 568 568 568 568 568 568 568 
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